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equation
Malay Bandyopadhyay1 and A. M. Jayannavar2
1. School of Basic Sciences, Indian Institue of Technology Bhubaneswar, Bhubaneswar, India 751007
2. Institute of Physics, Sachivalaya Marg, Sainik School PO, Bhubaneswar, India, 751005.
In this work, we analyze the relaxation of a classical spin interacting with a heat bath, starting from
the fully dynamical Hamiltonian description. An analogous problem in the framework of generalized
Langevin equation (GLE) with anomalous dissipation is analyzed in details. The Fokker-Planck
equation corresponding to GLE is derived and the concept of equilibrium probability distribution
is analyzed. In this process we have identified few difficulties to obtain equilibrium distribution for
the non-Markovian case and the remedy to overcome this difficulty is also discussed.
PACS numbers: 05.40-a, 05.20.-y, 75.10.Hk
I. INTRODUCTION
The most well known and well studied method of
Brownian motion is the Langevin dynamics which has
a long history. [1–3]. One can model the dynamics
of relaxation of an ensemble of interacting particles
evolving toward thermal equilibrium by incorporating
fluctuation and concomittant dissipation forces in the
Hamiltonian equations of motion. The existence of a
relation between the stochastic and dissipative Langevin
terms arises from the fluctuation-dissipation theorem
(FDT)[1–3] to maintain the requirement that in thermal
equilibrium the population of states in the phase space
is given by the Gibbs distribution. A similar Langevin
approach can be adopted to the investigation of the
relaxation of a single spin interacting with a heat bath
or an interacting spin ensemble by introducing proper
stochastic and dissipation terms in the spin equation
of motion. This was proposed by Brown in ref. [4]. A
single spin interacting with a heat bath or an ensemble
of interacting spins are driven toward equilibrium
by suitably chosen fluctuation and dissipation terms.
The basic requirements of choosing fluctuation and
dissipation terms is to satisfy the fluctuation-dissipation
theorem. The treatment also makes it possible to
model equilibrium thermal fluctuations associated with
the dynamics of either individual atomic spins or the
magnetic moments of small particles.[5, 6]. Thus,
the relaxation phenomena of spin plays a crucial and
important role in condensed matter. Mainly this will
help us to understand the underlying physical processes
associated with the lineshapes of NMR, ESR etc. Very
recently studies have been carried out in the context of
fluctuation theorem and entropy production of a large
macrospin with fluctuating magnitude and direction
[7, 8]. The complicated motion of the spin due to its
interaction with the surrounding medium can be mod-
elled with the introduction of a stochastic magnetic field
~H(t). Assuming Gaussian noise properties for ~H(t), one
usually arrives at the well known Bloch equation[9–12].
But, this model unable to produce correct equilibrium
value χ ~H0 in the presence of an external magnetic field
~H0 with magnetic susceptibility χ for spin. Rather,
the average magnetic moment relaxes to zero which
is nothing but the infinitely high temperature value.
Kubo and Hashitsume [13] introduced the concomitant
friction term −η d
~M
dt to overcome the above mentioned
problem which resembles the Landau-Lifshitz equation
with nonlinear friction force [14].
Several attempts were made to derive the nonlinear
Langevin equations for a classical spin interacting with a
heat bath[15, 16] from the microscopic Hamiltonian de-
scription which is consistent with fluctuation-dissipation
theorem [17, 18]. Seshadri and Lindenberg derived
the nonlinear Langevin equation using full dynamical
method by considering a test particle with a spin which
interacts with a heat bath of other spins via Heisenberg
type (i.e. Ruderman-Kittel interactions)[18]. This model
enables one to derive the nonlinear Langevin equations
of motion for different components of spin of the test
particle to the second order in spin-bath interaction and
the relaxation parameters can be obtained directly from
the model Hamiltonian. Unlike linear Bloch equation,
their equations of motion of average spin components are
also nonlinear and the Bloch equations can be recovered
in the high temperature limit. Although, Seshadri and
Lindenberg demanded that their equations automati-
cally lead to the thermal equilibrium in the classical
limit i.e. they obey the fluctuation-dissipation theorem.
But, this is partially true. Equilibrium is only obtained
in the direction of θ, but the presence of a gyration term
(first term in the r.h.s. of Eq. 2.21 (a) of [18] ) can
generate a current along φ direction and it leads to a
long time rotational motion with a certain frequency.
Later, one of us considered a test particle with a spin
and interacting with a heat bath consists of a set of
generalized harmonic oscillators which are responsible
for the relaxation of the test particle and the derived
Langevin equations are again nonlinear, non-Markovian
and they are consistent with the fluctuation-dissipation
theorem [19].
In this paper we basically follow the method introduced
in Ref. [19]. Our basic focus is on the derivation of
nonlinear Langevin equations for a spin interacting with
2a heat bath through momentum variables. Unlike the
coordinate-coordinate coupling considered earlier in
Ref. [19], our model preserves time reversal property of
the system-reservoir Hamiltonian [15, 16]. In our case
coordinate-momentum coupling scheme is extensively
used in deriving the Langevin equation of our Brownian
particle [20–22]. Such kind of coupling is extensively
used in the context of quantum tunneling in the presence
of arbitrary linear dissipation by Leggett [20] who termed
this dissipation as anomalous dissipation and we follow
his nomenclature. Further, this coordinate-momentum
coupling is extensively used in the context of radiation
reaction of a nonrelativistic electron interacting with
quantum electrodynamic radiation field[21, 22] . One
important finding of our study is that the presence of
anomalous dissipation does not alter much the basic
features of the earlier study [19]. We again obtain a
nonlinear and non-Markovian Langevin equations which
are consistent with the fluctuation-dissipation theorem.
The structure of our paper is as follows. In the next
section we discuss our model Hamiltonian with momen-
tum coupling. Then we derive the GLE corresponding
to our Hamiltonian. In section III, we discuss about the
corresponding Fokker-Planck equation and its stationary
solution for both the Markovian and non-Markovian
limits. Finally, we conclude in Sec. IV.
II. MODEL HAMILTONIAN : LANGEVIN
EQUATIONS
We consider a test particle with a spin interacting with
a heat bath representing the environment consists of a
set of harmonic oscillators. The spin of the test parti-
cle interacts with the heat bath through the momentum
variables of the heat bath instead of usual position vari-
ables of the bath. An external magnetic field H0 is taken
along the z-direction. The closed system comprised of
the test particle with its environment can be described
by the Hamiltonian :
H = −H0MZ +
3∑
i=1
N∑
α=1
[ 1
2mα,i
(pα,i + λα,iMi)
2
+
1
2
mα,iω
2
α,iq
2
α,i
]
, (1)
where Mi; i = 1, 2, 3 describe the x, y, z components of
the spin respectively, pα,i, qα,i, ωα,i and mα,i represent
canonical momentum, position, frequency and masses of
the bath variables respectively. Here, λα,i represent the
spin-bath coupling constants. Coupling induced renor-
malization of energy is compensated by the terms pro-
portional to M2i .
As we know the classical equation of motion of any dy-
namical variable A obeyed the following evolution equa-
tion :
A˙ = {A,H}, (2)
where {−,−} denotes Poisson bracket. The Poisson
bracket relations among the spin variables are given by
{Mi,Mj} = γǫijkMk, (3)
where γ represents the product of the gyromagnetic ratio
and the Bohr magneton of the spin and ǫijk is the Levi-
Civita symbol where ǫijk = 1 for cyclic permutation of
i, j, and k. Moreover, the bath variables follow
{qi, pj} = δi,j . (4)
Using Eqs. (2)-(4), we can obtain the equations of motion
for the spin variables
dMz
dt
= γMy
N∑
α=1
λα,1
mα,1
pα,1 − γMx
N∑
α=1
λα,2
mα,2
pα,2
+ γMxMy
N∑
α=1
λ2α,1
mα,1
− γMyMx
N∑
α=1
λ2α,2
mα,2
, (5)
dMy
dt
= −γH0Mx + γMx
N∑
α=1
λα,3
mα,3
pα,3 − γMz
N∑
α=1
λα,1
mα,1
pα,1
+ γMzMx
N∑
α=1
λ2α,3
mα,3
− γMxMz
N∑
α=1
λ2α,1
mα,1
, (6)
dMx
dt
= γH0My + γMz
N∑
α=1
λα,2
mα,2
pα,2 − γMy
N∑
α=1
λα,3
mα,3
pα,3
+ γMyMz
N∑
α=1
λ2α,2
mα,2
− γMzMy
N∑
α=1
λ2α,3
mα,3
(7)
dqα,i
dt
=
pα,i
mα, i
+
λα,i
mα,i
Mi (8)
dpα,i
dt
= −mα,iω
2
α,iqα,i (9)
The linear equations (8) and (9) can easily be inte-
grated and one can obtain the solution
pα,i(t) = pα,i(0) cos(ωα,it)− qα,i(0)mα,iωα,i sin(ωα,it)
−λα,iωα,i
∫ t
0
dt′ sin[ωα,i(t− t
′)]Mi(t
′), (10)
where pα,i(0) and qα,i(0) are the initial momentums and
positions of the bath variables respectively. In order to
eliminate the bath variables we can substitute Eq. (10) in
the equations of spin systems i.e. in Eqs. (5)-(7). After
3substituting bath variables in spin system we obtain
dMz
dt
= γMy
N∑
α=1
λα,1
mα,1
[
− λα,1ωα,1
∫ t
0
dt′ sin[ωα,1(t− t
′)]
×Mx(t
′) + pα,1(0) cos(ωα,1t)−mα,1ωα,1qα,1(0) sin(ωα,1t)
]
−γMx
N∑
α=1
λα,1
mα,1
[
− λα,2ωα,2
∫ t
0
dt′ sin[ωα,2(t− t
′)]
×My(t
′) + pα,2(0) cos(ωα,2t)−mα,2ωα,2qα,2(0) sin(ωα,2t)
]
+γMxMy
N∑
α=1
λ2α,1
mα,1
− γMyMx
N∑
α=1
λ2α,2
mα,2
(11)
After doing integration by parts of the integral terms on
the right hand side of Eq. (11) we obtain
dMz
dt
= γMy
N∑
α=1
λα,1
mα,1
[
λα,1
∫ t
0
dt′ cos[ωα,1(t− t
′)]
×
dMx(t
′)
dt′
+ pα,1(0) cos(ωα,1t)−mα,1ωα,1qα,1(0)
× sin(ωα,1t) + λα,1 cos(ωα,1t)Mx(0)
]
−γMx
N∑
α=1
λα,2
mα,2
[
λα,2
∫ t
0
dt′ cos[ωα,2(t− t
′)]
dMx(t
′)
dt′
+pα,2(0) cos(ωα,2t)−mα,2ωα,2qα,2(0) sin(ωα,2t)
+λα,2 cos(ωα,2t)My(0)
]
(12)
One can easily observe that Eq. (12) involves with tran-
sient terms involving the initial values of spin variables
Mx(0) and My(0), One can easily make the argument
that for long time behaviour,one can neglect these tran-
sient terms. We will come to this point in details later in
this section. Similar kind of equations for dMxdt and
dMy
dt
can be obtained with extra external magnetic field de-
pendent terms γH0My and −γH0Mx respectively. One
can easily write down the three equations for the three
components of spin variable in a compact form as follows
:
dMz
dt
= γMyη1(t)− γMxη2(t)
+γMy
∫ t
0
dt′Γ1(t− t
′)M˙x(t
′)
−γMx
∫ t
0
dt′Γ2(t− t
′)M˙y(t
′), (13)
Similarly for other components of the spin variable we
can obtain
dMy
dt
= −γH0Mx + γMxη3(t)− γMzη1(t)
+γMx
∫ t
0
dt′Γ3(t− t
′)M˙z(t
′)
−γMz
∫ t
0
dt′Γ1(t− t
′)M˙x(t
′), (14)
and
dMx
dt
= γH0My + γMzη2(t)− γMyη3(t)
+γMz
∫ t
0
dt′Γ2(t− t
′)M˙y(t
′)
−γMy
∫ t
0
dt′Γ3(t− t
′)M˙z(t
′), (15)
where,
ηi(t) =
N∑
α=1
λα,i
mα,i
[
pα,i(0) cos(ωα,it)− qα,i(0)mα,iωα,i
× sin(ωα,it)
]
(16)
and
Γi(t− t
′) =
N∑
α=1
λ2α,i
mα,i
cos[ωα,i(t− t
′)] (17)
Thus we obtain the required Langevin equations as men-
tioned in Eqs. (13)-(15). These equations involve
with fluctuating terms ηi(t) which contain initial val-
ues (qα,i(0), pα,i(0)) of the bath variables. We call these
terms as fluctuating, since they involve with the un-
certainty of the initial conditions of the bath variables.
Therefore, at time t = 0, it is customary to assume
canonical equilibration of the heat bath oscillators at
temperature T with respect to the free oscillator Hamil-
tonian :
HB =
3∑
i=1
N∑
α=1
[p2α,i(0)
2mα,i
+
1
2
mα,iω
2
α,iq
2
α,i(0)
]
. (18)
Corresponding to this, the canonical distribution of the
bath variables is given by
ρB =
e−HB/kBT
ZB
;ZB =
∏∫
dqα,i(0)dpα,i(0)e
−HB/kBT
(19)
where, kB is the Boltzmann constant and ZB is the nor-
malization factor, commonly known as partition func-
tion. The statistical average of a heat-bath variable,A, is
given by
< A >=
∫
Ae−HB/kBT
ZB
(20)
Now, using known properties of harmonic oscillator, it is
straightforward to show that :
< qα,i(0) > = 0
< pα,i(0) > = 0
< qα,i(0)qβ,j(0) > =
kBT
mα,iω2α,i
δi,jδα,β,
< pα,i(0)pβ,j(0) > = kBTmα,iδi,jδα,β ,
< pα,i(0)qβ,j(0) > = < qα,i(0)pβ,j(0) >= 0, (21)
4In addition we have the Gaussian property : the statis-
tical average of an odd number of factors of qα,i(0) and
pα,i(0) is zero. On the other hand, even number of fac-
tors give us the sum of products of pair averages with the
order of the factors preserved. Using the results in Eq.
(21), one can show that the force ηi(t) has zero mean,
< ηi(t) >= 0 (22)
and the correlation is given by
< ηi(t)ηj(t
′) > = kBT
N∑
α=1
λ2α,i
mα,i
cos
[
ωα,i(t− t
′)
]
= δi,jkBTΓi(t− t
′) (23)
Thus, we obtain a relationship between the correlation
of fluctuations and the memory kernels appear in
Eqs. (13)-(15). This is actually known as fluctuation-
dissipation theorem which is a must to preserve the
thermodynamic consistency of a closed system. In
addition, ηi(t) has the Gaussian property, which
follows from the same property of the qα,i(0) and
pα,i(0). Thus the initial distribution of the heat bath
oscillators makes the force ηi(t) a Gaussian random force.
A. Markovian Limit
The generalized Lanevin equations obtained in Eqs.
(13)-(15) are in general non-Markovian and involve with
the multiplicative fluctuating and concomitant nonlin-
ear dissipative terms. But, one can easily obtain the
Markovian limit of the Eqs. (13)-(15). This can be ob-
tained by considering the memory kernel to be delta cor-
related, i.e., Γi(t− t
′) = 2ςiδ(t− t
′) which actually corre-
sponds to the Ohmic dissipation [23]. For simplicity, we
consider here strength of all ςi to be equal which actu-
ally corresponds to the isotropic dissipation. Anisotrpic
dissipation can also be readily treated in our scheme.
But, the equations will be cumbersome and they can
also be handled in studying the dynamics of the sys-
tem (relaxation and equilibration). For the time be-
ing, we restrict our discussion only for the isotropic dis-
sipation. In this limit, one can easily show that Eqs.
(13)-(15) actually reduces to that proposed by Kubo
and Hashitsume d
~M
dt = γ[
~H0 + ~H(t) − ς
d ~M
dt ] ×
~M with
~H0 = kˆH0 and ~H(t) = iˆη1(t) + jˆη2(t) + kˆη3(t). The
unit vectors in the x,y and z directions are denoted by
iˆ, jˆ and kˆ, respectively. It is to be noticed that the ne-
glected transient terms in Eq. (12) can be represented
as Mx(t)My(0)δ(t) and My(t)Mx(0)δ(t) which confirms
that the transient terms can safely be neglected as they
don’t contribute in the long time behaviour of the spin
relaxation. It is a cautious remark to the reader that the
transient terms should not be treated ideally as delta
functions in the Markovian limit. Otherwise, a jump
problem in the initial condition may arise. For exam-
ple, in the Markovian limit or Ohmic case [23], the spec-
tral density for the bath oscillators is usually chosen as
J(ω) = π2
∑
α
λ2α
mαωα
δ(ω − ωα) = ςω with a sharp cut-off.
This kind of spectral density has no upper bound which
is nonphysical. Thus, one should introduce an upper cut-
off frequency ωc, e.g., J(ω) = ςωe
−ω/ωc . This frequency
scale ωc is usually much larger than all other charac-
teristic frequencies of the system. Thus, the Markovian
limit corresponds to the time scale t >> 1/ωc and this
can be made arbitrarily small. So, transient terms sur-
vive up to the time scale 1/ωc and one should consider
transient terms as functions with a finite but arbitrarily
small width in the Markovian limit. For all other non-
Markovian forms of the spectral density of the heat bath
one must include the neglected transient terms in the
problem for the full dynamical evolution.
B. Seshadri-Lindenberg Equations
One can easily derive the dissipative equations ob-
tained by Seshadri and Lindenberg [18] from our Eqs.
(13)-(15). As we have shown earlier that we can obtain
Kubo-Hashitsume dissipative equation d
~M
dt = γ
~M×[ ~H0+
~H(t)− ς d
~M
dt ] with
~H0 = kˆH0 and ~H(t) = iˆη1(t)+ jˆη2(t)+
kˆη3(t) from Eqs. (13)-(15) in the Markovian limit. As a
perturbation, if one replace the term d
~M
dt by the evolu-
tion term in the absence of coupling, i.e., by γ[ ~H0 × ~M ],
one can arrive at :
d ~M
dt
= γ ~M × [ ~H0 + ~H(t)− ςγ( ~M × ~H0)] (24)
This is a well known form of Landau-Lifshitz dissipative
equation. In addition, if we assume isotropic fluctua-
tion,i.e., η1(t) = η2(t) = η3(t) = η(t) , we can obtain
from Eq. (24) :
dMz
dt
=
i
2
[h(t)M−(t)− h
∗(t)M+(t)] +H0ςM+M−,
dM+
dt
= iΩM+(t)− ih(t)Mz(t)−H0ςMzM+,
dM−
dt
= −iΩM−(t) + ih
∗(t)Mz(t)−H0ςMzM−, (25)
where, we have used
Ω = −H0 + η(t),
h(t) = η(t) + iη(t);h∗(t) = η(t) − iη(t),
M+ = Mx + iMy;M− = Mx − iMy, (26)
and we take γ = 1. Equations obtained in (25) are same
as that of dissipative equations obtained by Seshadri and
Lindenberg. Only difference is observed in Ω. Unlike,
Seshadri and Lindenberg our Ω explicitly depends on the
fluctuatin force η(t).
5III. FOKKER PLANCK EQUATION
In this section, we derive the Fokker Planck Equation
corresponding to our generalized Langevin Eqs. (14)-
(16). Here, we adopt the method introduced in Refs. [24,
25]. It is to be remembered that our nonlinear generalized
Langevin Eqs. (13)-(15) can be cast in the Markovian
limit into the following form:
d ~M
dt
= γ ~M × [ ~H0 + ~H(t)]− γζ ~M ×
d ~M
dt
, (27)
with ~H0 = kˆH0 and ~H(t) = iˆη1(t) + jˆη2(t) + kˆη3(t).
Equation (27) involves a term proportional to d
~M
dt on its
right hand side, henceforth it can be called as stochas-
tic Gilbert type equation. In the weak damping limit
(η << 1), one can show that Eq. (27) reduces to stochas-
tic Landau-Lifshitz form, i.e., Eq. (24). In general the
stochastic general Langevin equations are defined as :
dyi
dt
= Ai(~y, t) +
∑
k
Bi,k(~y, t)ξk(t), (28)
where, ~y = (y1, y2, ....yn) is a multicomponent stochastic
process, k runs over a given set of indices and Langevin
source ξk(t) are independent Gaussian stochastic process
which satisfies :
< ξk(t) >= 0
< ξk(t)ξl(s) >= 2Dδk,lδ(t− s). (29)
When the functions Bi,k(~y, t) depend on ~y the noise is
termed as multiplicative noise, while
∂Bi,k
∂yj
= 0 defines
the additive noise. Thus, the nonequilibrium Probability
distribution function of ~y at time t,i.e., P (~y, t) obeys the
following Fokker Planck Equation [24, 25]:
∂P
∂t
= −
∑
i
∂
∂yi
[
{Ai(~y, t) +D
∑
j,k
Bj,k(~y, t)
∂Bi,k(~y, t)
∂yj
}
×P
]
+D
∑
i,j
∂2
∂yi∂yj
[
{
∑
k
Bi,k(~y, t)Bj,k(~y, t)}P
]
(30)
The stochastic Landau-Lifshitz-Gilbert equation can be
cast into the general form of Langevin equation (Eq. 28)
with the help of the statistical properties in Eq. (29) by
identifying (y1, y2, y3) = (Mx,My,Mz), ξk(t) = H(t),
Ai =
∑
j,k
ǫi,j,kMjH0k + λ
∑
k
(M2δi,k −MiMk)Hk
Bi,k =
∑
j
ǫi,j,kMj , (31)
where, ǫi,j,k are antisymmetrical unit tensor of rank three
(Levi-Civita symbol), λ = γζ and we have expanded the
vector triple product − ~M × ( ~M × ~H0) by using the rule
a×(b×c) = ~b(~a.~c)−~c(~a.~b). To calculate the noise induced
drift term of the Fokker Planck equation we require the
derivative of the diffusion coefficient [24, 25] :
∂Bi,k
∂Mj
= ǫi,j,k. (32)
Thus,
D
∑
j,k
Bj,k
∂Bi,k
∂Mj
= D
∑
l
(
∑
j,k
ǫjlkǫijk)Ml
= −2D
∑
l
δilMl = −2DMi. (33)
Let us compute the coefficient
∑
k BikBjk [24, 25]
∑
k
BikBjk =
∑
k
[
∑
r
ǫirkMr][
∑
s
ǫjskMs]
=
∑
r,s
MrMs
[∑
k
ǫirkǫjsk
]
=
∑
r,s
MrMs[δi,jδr,s − δi,sδr,j]
= M2δi,j −MiMj (34)
Thus, the corresponding Fokker-Planck equation be-
comes [24, 25]
∂P
∂t
= −
∂
∂Mi
[{∑
j,k
ǫijkMjH0k + λ
∑
k
(M2δi,k −MiMk)H0k
− 2DMi
}
P
]
+D
∑
ij
∂2
∂Mi∂Mj
[
(M2δij −MiMj)P
]
(35)
Now, taking the Mj derivative of the last term using the
fact
∑
j ∂i
(
M2δi,j −MiMj
)
=
∑
j(2Mjδi,j − Miδj,j −
Mjδi,j = 2Mi−3Mi−Mi = −2Mi. Thus, we obtain from
the last termD
∑
i ∂i
[
−2MiP+
∑
j(M
2δi,j−MiMj)∂jP .
Here, the first term cancel with the −2DMiP term
of the drift and the last term can be combined with∑
k(M
2δi,k − MiMk)H0k. Finally, the Fokker Planck
equation in vector notation becomes :
∂P
∂t
= −
∂
∂ ~M
.
[
~M × ~H0− ~M ×
{
~M ×
(
λ ~H0−D
∂
∂ ~M
)}]
P
(36)
A. Stationary Solution
In order to ensure that our system’s stationary prop-
erties coincide with the appropriate thermal equilibrium
properties, the Fokker-Planck equation must have the
Boltzmann distribution :
P0( ~M) =
1
Z
exp
(
− βH( ~M)
)
(37)
6as a stationary solution. Since, we can write ~H0 =
−∂H(
~M)
∂ ~M
, we can write
∂P0
∂ ~M
= β ~H0P0. (38)
This implies ~M × ~H0P0 is divergenceless. Thus, using
these results, in order to have the Boltzmann distribution
as stationary solution of the Fokker-Planck equation,
one should set Dβ = λ, i.e., D = λkBT .
B. Longitudinal and Transverse components
In this subsection we discuss about the longitudinal
and transverse components of the magnetic spin of our
test particle. It is possible to separate out the longitudi-
nal and transverse dynamics of the magnetic moment as-
sociated with the test particle under certain limiting con-
ditions. As we have already discussed that our Langevin
equation can be cast into a Kubo and Hashitsume form
in the Markovian limit (Eq. 27). Now, if we insert again
d ~M/dt from Eq. (27) in the third term of Eq. (27) we
obtain :
(1+ζ2γ)
d ~M
dt
= γ ~M×[ ~H0+ ~H(t)]−γζ ~M×[ ~M× ~H0+ ~H(t)]
(39)
Projecting Eq. (39) along the unit Magnetization vector
Mˆ =
~M
M we obtain
dM‖
dt
= 0 (40)
Consequently one can show that ~M · d
~M
dt = 0 which im-
plies the magnitude of the magnetization vector is con-
served. The corresponding Fokker Planck equation be-
comes ∂tP (M, t) = −∂Mj with j = −D∂MP + ηH‖ and
H‖ = ~H˙ˆM . Now, setting the dissipative current j = 0
one can obtain the detailed balance equilibrium distribu-
tion Peq(M) = P0 exp(−g‖V/kBT ) with energy density
g‖ = −H‖M . Now, subtracting longitudinal Eq. (40)
from Eq. (39) we obtain the transverse dynamics
dM⊥
dt
= γ′ ~M × [( ~H0+ ~H(t))− ζ
′ ~M × ( ~H0+ ~H(t))], (41)
where ~M⊥ = ~M − MˆM , γ
′ = γ1+ζ2γ2 , and ζ
′ = ζγ1+ζ2γ2 .
One can note that for this constant magnitude M ,
d ~M⊥/dt = d ~M/dt and Eq. (41) is basically the same
stochastic LLG equation as that of Eq. (39). Thus, the
equilibrium distribution will also be same as that of Eq.
(37).
IV. NON-MARKOVIAN SYSTEM:
In the Non-Markovian regime one can not simply drop
the terms involving initial values
(
Mx(0),My(0),Mz(0)
)
which usually is simply brushed under the rug for strict
Ohmic case. For strict Ohmic dissipation they reduce
to δ function contributions and onecan easily drop them.
But, in the Non-Markovian limit we can not drop these
terms. Thus, Eqs. (13)-(15) are modified as follows :
dMz
dt
= γMy[η1(t) + Γ1(t)Mx(0)]− γMx[η2(t)
+Γ2(t)My(0)] + γMy
∫ t
0
dt′Γ1(t− t
′)M˙x(t
′)
−γMx
∫ t
0
dt′Γ2(t− t
′)M˙y(t
′), (42)
dMy
dt
= −γH0Mx + γMx[η3(t) + Γ3(t)Mz(0)]
− γMz[η1(t) + Γ1(t)Mx(0)] + γMx
∫ t
0
dt′Γ3(t− t
′)
×M˙z(t
′)− γMz
∫ t
0
dt′Γ1(t− t
′)M˙x(t
′), (43)
and
dMx
dt
= γH0My + γMz[η2(t) + Γ2(t)My(0)]
− γMy[η3(t) + Γ3(t)Mz(0)] + γMz
∫ t
0
dt′Γ2(t− t
′)
×M˙y(t
′)− γMy
∫ t
0
dt′Γ3(t− t
′)M˙z(t
′), (44)
It is now customary to introduce an auxiliary random
force ζk(t) = ηk(t) + Γk(t)Mk(0); k = 1, 2, 3. In terms of
this new random force the Langevin Like Equations (39)-
(41) no longer assume the form of GLE. Although they
look like GLE. They now contain initial inhomogeneous
slip term Γk(t)Mk(0). The combined noise force,ζi(t) =,
:
ζi(t) =
N∑
α=1
λα,i
mα,i
[
(pα,i(0) + λα,iMi(0)) cos(ωα,it)
−qα,i(0)mα,iωα,i sin(ωα,it)
]
(45)
is no longer has a stationary autocorrelation when av-
eraged with respect to the bare bath ensemble as intro-
duced in Eq (19) in combination with Eq. (18). The
combined stochastic force ζi(t) can be stationary and col-
ored Gaussian, if we consider a conditional average with
respect to the following Gaussian equilibrium ensemble :
ρi
(
{pα,i, qα,i}|Mi(t0) = Mi(0)
)
=
1
Z
exp
[
− β
{∑
α
(pα,i + λα,iMi(0))
2
2mα,i
+
mα,iω
2
α,iq
2
α,i
2
}]
(46)
Considering this conditional probability for the bath vari-
ables we can again obtain identical fluctuation dissipation
7relations for the stochastic force ζi(t) as that of ηi(t) as
mentioned in Eqs. (22) and (23):
< ζi(t) >ρi = 0 (47)
< ζi(t)ζj(s) >ρ = δi,jkBTΓi(t− s) (48)
This will again enables us to obtain the same kind of
equilibrium distribution as that of Eq. (37), but with re-
spect to a different Gaussian ensemble and colored noise
force.
V. CONCLUSIONS
We discuss the relaxation of a single classical spin inter-
acting with a heat bath through momentum variables in
the framework of GLE through dynamical model Hamil-
tonian description. The basic features of this momentum
dissipative spin model are found to be identical as that of
discussed in Ref. [19] for a spin model with coordinate-
coordinate coupling. The Fokker-Planck equations cor-
responding to the GLE for our momentum dissipative
spin model are also derived in the Markovian as well as
non-Markovian limit. The stationary solutions of these
Fokker-Planck equations are also analyzed. In the non-
Markovian limit, the difficulty to obtain the stationary
solution of the Fokker-Planck equation is discussed in de-
tails. To overcome this, one can introduce an auxiliary
random force and can obtain the stationary solution.
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